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What is topology?

Studying the abstract shape of objects
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Betti numbers

Counting d-dimensional holes

Po=1p1=1
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Betti numbers

Counting d-dimensional holes
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The shape of a graph

A simple graph
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The shape of a graph

Connected components
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The shape of a graph
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Some cycles
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The shape of a graph
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Some 2-cliques
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The shape of a graph

A 3-clique
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Comparing two graphs

Clearly, the graphs are very similar (they are of course not isomorphic), but if we
blindly calculate Betti numbers, we will judge them to be different.
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Persistent homology

Calculating multi-scale Betti numbers

€ = 0.00: 16 connected components
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Persistent homology

Calculating multi-scale Betti numbers
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€ = 0.25: 11 connected components
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Persistent homology

Calculating multi-scale Betti numbers

€ = 0.50: 1 connected component, 12 cycles
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Persistent homology

Calculating multi-scale Betti numbers

€ = 0.75: 1 connected component, 19 cycles
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Persistent homology

Calculating multi-scale Betti numbers

4

€ = 1.00: 1 connected component, 57 cycles
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Persistence diagram

Multi-scale topological descriptor
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There is a one-to-one correspondence between topological features in a persistence
diagram and vertices/edges of the graph.
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There is a one-to-one correspondence between topological features in a persistence
diagram and vertices/edges of the graph.
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Classifying weighted, unlabelled graphs

Calculate set of persistence diagrams for each graph
Calculate kernel or distance between corresponding persistence diagrams
Train classifier on kernel matrix

Step 2 needs to be fast, so we need vectorisation methods!
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Simple feature vector representation

Persistence images

e Two-dimensional binning of a persistence
diagram (grid)

e Perform Gaussian smoothing over all grid cells

e Obtain a feature vector of a fixed size

Source: H. Adams et al., ‘Persistence images: A stable vector representation of persistent homology’
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Example

Persistence image transformation

ETHzirich Introduction to Topology-Based Graph Classification  Bastian udomanifold  28th January 2020  9/22



https://twitter.com/Pseudomanifold

Example

Persistence image transformation
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Persistence image transformation
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Persistence image transformation
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Example

Persistence image transformation

€
Persistence
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Calculating mean descriptors
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How to use this for graph classification

Learning metrics for persistence-based summaries and applications
for graph classification

e Obtain persistence images from graph filtration

e learn a weight function on the persistence image

e Calculate weighted distance between images

e Use this as a kernel in an SVM

Source: Q. Zhao and Y. Wang, ‘Learning metrics for persistence-based summaries and applications for

arXiv:1904.12189v2 [cs.CG] 12 Dec 2019

graph classification’
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector

Node Own label Adjacent labels

Hashed label
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Classifying labelled graphs

Weisfeiler-Lehman iteration & subtree feature vector

d(G) := (3,1,2,1)

Compare G and G’ by evaluating a kernel between ®(G) and
B ®(G') (linear, RBF, ...).
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Improving the Weisfeiler-Lehman procedure

man Procedure for Graph Classification

o The Weisfeiler-Lehman iteration vectorises labels
in graphs

e Persistent homology assess the relevance of
topological features

e We can combine both of them!

e This requires a distance between multisets

Source: B. Rieck et al., ‘A persistent Weisfeiler-Lehman procedure for graph classification’
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A distance between label multisets

Let A = {I”,1%,...} and B = {I!",1%2,... } be two multisets that are defined over
the same label alphabet X = {I;,1,, ... }.

Transform the sets into count vectors, i.e. x := [a1,4az,...] and y := [by, by, ... ].

Calculate their multiset distance as

dist(x, y) (Z|al —b; |p>

i.e. the p Minkowski distance, for p € R. Since nodes and their multisets are in
one-to-one correspondence, we now have a metric on the graph!
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Multiset distance

Example forp =1

dist(C, E) = dist({s% '}, {2 01}

= dist([3,1], [2,1])
=1

dist(C, A) = dist({‘3,'l}/ {’1})
= dist([3, 1], [1,0])
=3
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Vertex distance

Use vertex label from previous Weisfeiler-Lehman iteration, i.e. lz(,h b

the one from the current iteration:

, as well as lz(,’f),

i

dist(v;, 0;) 1= [12’}‘” v 15’}‘1)} + dist (15,’?,15’0) T

T € R~ is required to make this into a proper metric. This turns any labelled graph
into a weighted graph whose persistent homology we can calculate!
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Vertex distance

Example
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Example
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Vertex distance

Example
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components
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Persistence-based Weisfeiler-Lehman feature vectors

Connected components Cycles
h
Pt = [ (1), " (1), .. P = 3" ()3 (1), |
s (1) = Y pers(v)’, () =Y pers(u,0),
1(v)=l; Liel(u,v)
Bonus

We can re-define the vertex distance to obtain the original Weisfeiler-Lehman
subtree features (plus information about cycles):

1 if 0 75 Z)j
0 otherwise

dist(v;, v;) = {
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Results

D&D MUTAG NCI1 NCI109 PROTEINS PTC-MR PTC-FR PTC-MM PTC-FM
V-Hist 78.324+0.35 8596+0.27 6440+0.07 63.25+0.12 72.33+£0.32 5831+027 68.13+0.23 66.96+0.51 57.91+0.83
E-Hist 72.90+0.48 8569 +046 63.66+0.11 63.27+0.07 72.14+£0.39 5582+0.00 65.53+0.00 61.61+0.00 59.03+0.00
RetGK* 81.60+0.30 90.30+1.10 84.50+0.20 7580+0.60 6215+1.60 67.80+1.10 67.90+1.40 63.90+1.30
WL 79454+0.38 87.26+142 8558+0.15 84.85+0.19 76.11+0.64 63.12+1.44 67.64+0.74 67.28+0.97 64.80+0.85
Deep-WL* 82.944+2.68 80.31+046 80.32+0.33 75.68+0.54 60.08 +2.55
P-WL 79.34+0.46 86.10+1.37 8534+0.14 84.78+0.15 75.31+0.73 63.07+1.68 67.30+1.50 68.40+1.17 64.47 +1.84

P-WL-C 78.66 +0.32 90.51+1.34 8546+0.16 84.96+0.34 7527+0.38 6402+082 67.15+1.09 68.57+1.76 6578 +1.22
P-WL-UC 78.50+0.41 85.17+0.29 8562+0.27 85114+0.30 75.86+0.78 63.46+1.58 67.02+1.29 68.01+1.04 6544+1.18

Try it out

Favourable performance

Can make use of cycles

Code is open-source
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A neural network approach

Deep Learning with Topological Signatures

e Obtain persistence diagrams from graph filtration
e Define layer to project persistence diagrams to 1D

e Learn parameters for multiple projections

e Stack projected diagrams and use as features

Source: C. Hofer et al., ‘Deep learning with topological signatures’
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Open questions

Learning appropriate filtrations

e Learn initial node representation on a graph
e Calculate corresponding persistence diagram
e Apply differentiable coordinate function

e Adjust learned representation and repeat

Source: C. Hofer et al., ‘Graph filtration learning’
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Summary

Three ways for TDA-based graph classification

Filtration plus feature vectors
Filtration plus ‘hybrid’ feature vectors
Filtration plus differentiable feature vectors

Join our Slack community ‘TDA in ML to discuss
papers, ideas, and collaborations!
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